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Spin cat states are promising candidates for quantum-enhanced measurement. Here, we analyt-
ically show that the ultimate measurement precision of spin cat states approaches the Heisenberg
limit, where the uncertainty is inversely proportional to the total particle number. In order to fully
exploit their metrological ability, we propose to use the interaction-based readout for implementing
phase estimation. It is demonstrated that the interaction-based readout enables spin cat states to
saturate their ultimate precision bounds. The interaction-based readout comprises a one-axis twist-
ing, two pi
2
pulses, and a population measurement, which can be realized via current experimental
techniques. Compared with the twisting echo scheme on spin squeezed states, our scheme with spin
cat states is more robust against detection noise. Our scheme may pave an experimentally feasible
way to achieve Heisenberg-limited metrology with non-Gaussian entangled states.
I. INTRODUCTION
Quantum metrology aims to enhance the measure-
ment precision and develop optimal schemes for esti-
mating an unknown parameter by means of quantum
strategies [1–3]. In comparison to classical strategies,
quantum-enhanced measurement offers significant advan-
tages, where a dramatic improvement for the achievable
precision can be obtained due to the use of quantum
entanglement [4–6]. Preparing and detecting entangled
quantum states are two main challenges to achieve the
Heisenberg-limited metrology. A lot of endeavors had
been made to create various kinds of entangled input
states, such as spin squeezed states [7–10], twin Fock
states [11–13], maximally entangled states [14, 15], and so
on. However, to detect the output states, single-particle
resolved detection is assumed to be necessary, which has
so far been the bottleneck in the practical performances.
Moreover, imperfect detection is one of the key obstacles
that hamper the improvement of measurement precision
via many-body entangled states.
Recently, an echo protocol was proposed to perform
phase estimation near the Heisenberg limit [16, 17], which
does not require single-particle resolved detection. The
input state is generated by the time-evolution under a
one-axis twisting Hamiltonian Uˆ = e−iHOATt [18], and a
reversal evolution UˆR = Uˆ
† is performed on the output
state prior to the final population measurement. The
nonlinear dynamics UˆR enables Heisenberg-limited pre-
cision scaling (∝ N−1) under detection noise σ . √N ,
where N is the total particle number. This kind of
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nonlinear detection with spin squeezed states [19] and
two-mode squeezed vacuum states [20] has been respec-
tively realized in experiments. More recently, schemes
on interaction-based readout that relax the time-reversal
condition (UˆR 6= Uˆ †) have been proposed [21, 22]. These
pointed out a new direction of utilizing entangled states
for quantum metrology [23–30].
Spin cat states, a kind of non-Gaussian entangled
states as a superposition of distinct spin coherent states
(SCSs), are considered as promising candidates for
quantum-enhanced measurement [31–36]. It has been
shown that spin cat states with modest entanglement
can perform high-precision phase measurement beyond
the standard quantum limit (SQL) even under dissipa-
tion [36]. However, to perform the interferometry with
spin cat states in practice, parity measurement is re-
quired so that single-particle resolution should be ac-
cessed [36–40]. The requirement of single-particle de-
tection limits the experimental feasibility of quantum
metrology with spin cat states. Thus, to overcome this
barrier, is it possible to replace the parity measure-
ment with interaction-based readout? Compared with
the interaction-based readout scheme with spin squeezed
states, will the spin cat states offer better robustness
against detection noise?
In this article, we propose to perform the phase esti-
mation with spin cat states via interaction-based read-
out. We find that spin cat states have the ability to
perform Heisenberg-limited phase measurement and that
interaction-based readout is an optimal method to fully
exploit this potential ability. In Sec. II, we give a general
framework of many-body quantum interferometry and
the phase estimation. In Sec. III, we analytically obtain
the ultimate precision bound for spin cat states. The ul-
timate bound is always inversely proportional to the total
particle number with a constant depending on the sepa-
2ration of the two superposition SCSs that approaches the
Heisenberg limit. In Sec. IV, we describe the procedure
of quantum interferometry via interaction-based readout
with spin cat states. Then, the estimated phase preci-
sions via interaction-based readout are numerically cal-
culated and the optimal conditions are given. Especially,
when the estimated phase lies around φ ∼ pi/2, all the
spin cat states can saturate their ultimate bounds with
suitable interaction-based readout. Finally, the detailed
derivation of how the interaction-based readout can sat-
urate the ultimate precision bounds of spin cat states are
analytically shown. In Sec. V, we analyze the robustness
against detection noise within our scheme. It is demon-
strated that, the spin cat states under interaction-based
readout are immune to detection noise up to σ . c˜D(θ)N
with c˜D(θ) a constant depending on the form of spin cat
states. Compared with the echo twisting schemes, our
proposal with spin cat states can be approximately
√
N
times more robust against the excess detection noise. In
addition, the influence of dephasing during the nonlin-
ear evolution in the process of interaction-readout is dis-
cussed. In Sec. VI, we briefly summarize our results.
II. PHASE ESTIMATION VIA MANY-BODY
QUANTUM INTERFEROMETRY
The most widely used interferometry can be described
within a two-mode bosonic system of N particles, such
as Ramsey interferometry with ultracold atoms [41],
trapped ions [42, 43], and Mach-Zehnder interferome-
try in optical systems [44]. In these systems, the sys-
tem state can be well characterized by the collective
spin operators, Jˆx =
1
2
(
aˆbˆ† + aˆ†bˆ
)
, Jˆy =
1
2i
(
aˆbˆ† − aˆ†bˆ
)
,
Jˆz =
1
2
(
bˆ†bˆ− aˆ†aˆ
)
with aˆ and bˆ the annihilation op-
erators for particles in mode |a〉 and mode |b〉, respec-
tively. A common quantum interferometry can be di-
vided into three steps. First, a desired input state |ψ〉in
is prepared. Then, the input state evolves under the ac-
tion of an unknown quantity and accumulates an phase
φ to be measured, i.e., |ψ(φ)〉out = Uˆ(φ)|ψ〉in. Fi-
nally, a proper sequence of measurement onto the output
state |ψ(φ)〉out is implemented to extract the accumu-
lated phase. Theoretically, for a given phase accumula-
tion process Uˆ(φ) = e−iφGˆ, the measurement precision
of the accumulated phase is constrained by a fundamen-
tal limit, the quantum Crame´r-Rao bound (QCRB) [4–
6, 45], which only depends on the specific property of the
chosen input state,
∆φ ≥ ∆φQ ≡ 1√
µFQ
, (1)
FQ = 4
(〈ψ′|ψ′〉 − |〈ψ′|ψ(φ)〉out|2) = 4∆2Gˆ, (2)
where ∆φ =
√〈φ2〉 − 〈φ〉2 is the standard deviation of
the estimated phase, µ corresponds to the number of
trials, |ψ′〉 = d|ψ(φ)〉out/dφ denotes the derivative and
∆2Gˆ =in〈ψ|Gˆ2|ψ〉in−in〈ψ|Gˆ|ψ〉2in is the variance of Gˆ for
the input state.
In realistic scenarios, the frequency shift between the
two modes ω is one of the most widely interesting pa-
rameters to be estimated owing to its importance in fre-
quency standards [46]. Therefore, the generator can be
chosen as Gˆ = Jˆz, the estimated phase φ = ωt and
the quantum Fisher information (QFI) becomes FQ =
4∆2Jˆz. It is well known that, using an input GHZ state
can maximize FQ to N2, and the corresponding phase
measurement precision scales inversely proportional to
the total particle number, ∆φ ∝ N−1, attaining the
Heisenberg limit. In the following, we will show that,
apart from GHZ state, other spin cat states also have the
ability to perform Heisenberg-limited phase estimation.
Further, we will give an experimentally feasible scheme
to realize the Heisenberg-limited measurement with spin
cat states by means of interaction-based readout.
III. ULTIMATE PRECISION BOUND OF SPIN
CAT STATES
Spin cat states are typical kinds of macroscopic su-
perposition of spin coherent states (MSSCS). Generally,
a MSSCS is a superposition of multiple spin coherent
states (SCSs) [47–49]. Here, we discuss the MSSCS in
the form of
|Ψ(θ, ϕ)〉M = NC(|θ, ϕ〉 + |pi − θ, ϕ〉), (3)
where NC is the normalization factor and |θ, ϕ〉 denotes
the N -particle SCS with
|θ, ϕ〉 =
J∑
m=−J
cm(θ)e
−i(J+m)ϕ |J,m〉 . (4)
Here, cm(θ) =
√
(2J)!
(J+m)!(J−m)! cos
J+m
(
θ
2
)
sinJ−m
(
θ
2
)
,
and {|J,m〉} represents the Dicke basis with J = N/2
and m = −J,−J + 1, ..., J − 1, J . Without loss of gener-
ality, we assume ϕ = 0,
|Ψ(θ)〉M = NC(|θ, 0〉+ |pi − θ, 0〉)
= NC
(
J∑
m=−J
[cm(θ) + cm(pi − θ)] |J,m〉
)
= NC
[
J∑
m=−J
cm(θ) (|J,m〉+ |J,−m〉)
]
, (5)
where the two SCSs have the same azimuthal angle ϕ = 0
and the polar angles are symmetric about θ = pi/2. Since
cm(θ) = c−m(pi − θ), the coefficients of the MSSCS are
symmetric about m = 0. It is shown that [36], when
the two superposition SCSs are orthogonal or quasi-
orthogonal, the corresponding MSSCS can be regarded
3as a spin cat state. Mathematically, the sufficient condi-
tion of spin cat states can be expressed as
θ . θc ≡ sin−1

2
[
((J − 1)!)2
2(2J)!
] 1
2J

 , (6)
which is derived from the assumption 2|c0(θ)|2 =
(2J)!
J!J! cos
2J
(
θ
2
)
sin2J
(
θ
2
)
. 1J2 when J > 1. According to
Eq. (6), θc increases as the total particle number N = 2J
grows. For total particle number N ≥ 40, one can find
θc ≈ 7pi/20. Under this condition, the normalization fac-
tor NC ≈ 1√2 . Throughout this paper, we will focus on
the spin cat states under the conditions of N ≥ 40 and
θ ≤ 7pi/20. We abbreviate the spin cat states |Ψ(θ)〉M
(N ≥ 40 and θ ≤ 7pi/20) to |Ψ(θ)〉CAT below, i.e.,
|Ψ(θ)〉CAT ≈
1√
2
[
J∑
m=−J
cm(θ) (|J,m〉+ |J,−m〉)
]
.
(7)
Note that spin cat states can be understood as
a superposition of GHZ states with different spin
length. The average of half-population difference
CAT〈Ψ(θ)|Jˆz |Ψ(θ)〉CAT =
∑J
m=−J mc
∗
m(θ)cm(θ) = 0 for
all spin cat states. Owing to CAT〈Ψ(θ)|Jˆz |Ψ(θ)〉CAT =
0, the variance of a spin cat state |Ψ(θ)〉CAT becomes
∆2Jˆz = 〈Ψ(θ)|Jˆ2z |Ψ(θ)〉CAT =
∑J
m=−J m
2c∗m(θ)cm(θ).
Since the two superposition SCSs are well fragmented
for a spin cat state, and the coefficients cm(θ) is in a bi-
nomial distribution, the variance can be approximately
calculated as
∆2Jˆz =
J∑
m=−J
m2|cm(θ)|2 ≈M2, (8)
where−M andM can be regarded as the center locations
of the two peaks. This assumption is valid for calculating
the QFI and perfectly matches the numerical results es-
pecially when the total particle number N is large. Given
that ∆2Jz ≈M2, the QFI of a spin cat state can be ob-
tained, i.e., FQCAT ≈ 4M
2
.
Mathematically,M is a continuous variable, and it can
be determined by the equation (see Appendix A),√
J +M
J −M + 1 tan
(
θ
2
)
= 1. (9)
Solving Eq. (9), we getM = J
(
1−tan2(θ/2)
1+tan2(θ/2)
)
+ 11+tan2(θ/2) .
When the total particle number N = 2J is large, it can
be approximated as
M ≈
(
1− tan2 (θ/2)
1 + tan2 (θ/2)
)
N
2
, (10)
and the QFI of a spin cat state can be written as
FQCAT ≈
(
1− 2 tan
2 (θ/2)
1 + tan2 (θ/2)
)2
N2. (11)
FIG. 1. (Color online) The ultimate precision scalings of dif-
ferent |Ψ(θ)〉M. The circles, squares, diamonds, triangles and
inverted triangles are the numerical results with |Ψ(θ)〉CAT
for θ = 0, pi/8, 3pi/16, pi/4, 7pi/20, respectively. The solid lines
are the analytic results for the spin cat states, which per-
fectly agree with the numerical ones. The slopes equal to
−1, indicating that the spin cat states exhibit Heisenberg-
limited precision scalings. The pentagrams and crosses de-
note the numerical results for MSSCS |Ψ(15pi/32)〉M and
SCS |Ψ(pi/2)〉SCS, which do not satisfy the analytic expres-
sion (12). Therefore, the dotted and dashed lines are the
fitting results for |Ψ(15pi/32)〉M and |Ψ(pi/2)〉SCS, where the
slopes are −0.83 and −0.5, respectively.
Thus, according to the QCRB (1), the ultimate phase
precision by a spin cat state is obtained,
∆φ ≥ ∆φQCAT = C(θ)N−1 (12)
=
(
1 +
2 tan2 (θ/2)
1− tan2 (θ/2)
)
N−1.
The above analytic result (12) is verified by numerical
calculations, as shown in Fig. 1.
From the expression of QCRB (12), the achievable pre-
cision of the spin cat state |Ψ(θ)〉CAT follows the Heisen-
berg scaling multiplied by a coefficient C(θ) only depen-
dent on θ. This coefficient C(θ) grows monotonically as
θ gets larger. When θ = 0, |Ψ(0)〉CAT becomes the GHZ
state (an extreme type of spin cat states), its ultimate
bound returns to 1/N . When θ > 0, the ultimate bound
becomes C(θ)/N , which is a constant fold higher than the
GHZ state. For example, ∆φQ = 2/N for |Ψ(pi/4)〉CAT,
for a given N , the achievable precision just decreases by
half compared to |Ψ(0)〉CAT. This indicates that, the spin
cat states with modest θ may be more experimentally fea-
sible. They preserve the Heisenberg scaling of precision,
and meanwhile are more easily prepared than the maxi-
mally entangled states in experiments [29, 36, 50–52].
4It is worth mentioning that, the ultimate bound (12)
is only valid for spin cat states which satisfy the condi-
tion (6). For other MSSCS |Ψ(θ)〉M in which the over-
lap between the two SCSs is more significant, the pre-
cision scaling no longer remains Heisenberg-limited, but
approaches the SQL as θ gradually increases towards pi/2.
IV. INTERACTION-BASED READOUT WITH
SPIN CAT STATES
Although we have demonstrated that the spin cat
states have the ability to perform Heisenberg-limited pa-
rameter estimation, how to saturate the ultimate preci-
sion bound and exploit their full potential in practice is
a more important problem. Here, we will propose a prac-
tical scheme to implement the Heisenberg-limited quan-
tum metrology with spin cat states by adding a nonlinear
dynamics before the population difference measurement.
We will show that, this is an optimal detection scheme
which can saturate the ultimate precision bound of the
spin cat states.
A. Interaction-based readout
The procedures of our scheme based on interaction-
based readout are illustrated as follows, see Fig. 2. First,
a suitable input spin cat states |Ψ(θ)〉CAT is prepared.
The spin cat states can be created by several kinds of
methods in various quantum systems [31–36]. Partic-
ularly in Bose condensed atomic systems, the spin cat
states can be generated via nonlinear dynamical evolu-
tion [47, 53] or deterministically prepared by adiabatic
ground state preparation [29, 36, 50]. The parameter θ
for a specific spin cat state is determined by the con-
trol of atom-atom interaction [8, 9]. Then, the input
state evolves under the Hamiltonian H0 = ωJˆz, and the
output state |Ψ(φ)〉out = Uˆ(φ)|Ψ(θ)〉CAT, where Uˆ(φ) =
e−iH0t = e−iJˆzφ with accumulated phase φ = ωt. Fi-
nally, a sequence interaction-based readout is performed
on |Ψ(φ)〉out to extract φ.
Here, the sequence comprises a nonlinear dynamics
sandwiched by two pi2 pulses prior to the half-population
difference measurement. The final state after the se-
quence can be written as
|Ψ(φ)〉f = Rˆ†x(
pi
2
)Uˆnon(χt)Rˆx(
pi
2
)|Ψ(φ)〉out, (13)
where Uˆnon(χt) = e
−iHOATt = eiχJˆ
2
z t describes the non-
linear evolution with nonlinearity χ, Rˆx(
pi
2 ) = e
ipi2 Jˆx is
a pi2 pulse, a rotation about x axis. Applying the half-
population difference measurement Jˆz on the final state,
one can obtain the expectation and standard deviation
of Jˆz,
〈Jˆz〉f =f 〈Ψ(φ)|Jˆz |Ψ(φ)〉f , (14)
FIG. 2. (Color online) The schematic of the interaction-based
readout scheme with input state cat states. First, an input
spin cat state is prepared. Then, an estimated phase is ac-
cumulated during interrogation. To extract the phase, an
interaction-based readout protocol is applied, in which a non-
linear evolution is sandwiched by two pi
2
pulses before the
half-population difference measurement.
(
∆Jˆz
)
f
=
√
f 〈Ψ(φ)|Jˆ2z |Ψ(φ)〉f −
(
f 〈Ψ(φ)|Jˆz |Ψ(φ)〉f
)2
.
(15)
Therefore, the estimated phase precision is given accord-
ing to the error propagation formula,
∆φ =
(
∆Jˆz
)
f∣∣∣∂〈Jˆz〉f/∂φ∣∣∣ . (16)
B. Numerical results
The measurement precision via interaction-based read-
out with spin cat states are shown in Fig. 3. We
first consider the accumulated phase around φ = 0,
and plot the precision dependence on the nonlinear evo-
lution, see Fig. 3 (a). The optimal nonlinear evolu-
tion χt changes with different input spin cat states
|Ψ(θ)〉CAT. For spin cat states with larger θ, despite the
estimated phase precision ∆φmin becomes a bit worse,
but the required optimal nonlinear evolution χt is get-
ting smaller. Given a fixed nonlinearity χ, the opti-
mal nonlinear evolution time topt decreases with θ, see
the inset of Fig. 3 (a). We choose four typical spin
cat states |Ψ(0)〉CAT, |Ψ(pi/8)〉CAT, |Ψ(pi/4)〉CAT and
|Ψ(7pi/20)〉CAT and evaluate their precision scaling ver-
sus total particle number, see Fig. 3 (c). It is shown
that, the spin cat states with interaction-based readout
still preserve the Heisenberg-limited scaling when φ ∼ 0.
Although there exists a shift from the QCRB for spin cat
states with large θ, the Heisenberg scaling ∆φmin ∝ 1/N
enables the high-precision measurement when the total
particle number is large.
Further, we also consider the accumulated phase
around φ = pi/2, and plot the precision dependence
on the nonlinear evolution, see Fig. 3 (b). Differently
from the case of φ ∼ 0, the optimal nonlinear evolution
χt = pi/2 for all input spin cat states |Ψ(θ)〉CAT when
φ ∼ pi/2, see Fig. 3 (b). The precision scaling versus
5total particle number saturate the QCRB (12), which
indicates that the interaction-based readout is an opti-
mal scheme to attain the ultimate bound of the spin cat
states, see Fig. 3 (c).
The measurement precision can also be estimated via
classical Fisher information (CFI). We numerically find
that, the minimum standard deviations in the above sce-
narios are the same with the results calculated by CFI.
Both scenarios are useful in practical parameter esti-
mation. When the parameter is very tiny, the accumu-
lated phase may be around φ = 0, the spin cat states
with modest θ are beneficial. For example, the optimal
nonlinear evolution of |Ψ(pi/4)〉CAT is χt = pi/4, which is
only half of the one for the GHZ state. Meanwhile, the
corresponding precision scaling is still ∆φ ∝ 1/N . On
the other hand, for relatively large parameters and the
interrogation time can be varied so that the accumulated
phase lies around φ = pi/2, the interaction-based read-
out can saturate the ultimate bound only if the nonlinear
evolution can be tuned to χt = pi/2.
C. Analytical analysis
For spin cat states via interaction-based readout, the
corresponding measurement precision can be analyzed
analytically for some specific cases. We will show how
the interaction-based readout with χt = pi/2 can sat-
urate the ultimate precision bound for spin cat states
when the estimated phase is around φ = pi/2. Then, we
will also illustrate the reason why the interaction-based
readout with spin cat states for φ = 0 and φ = pi/2 make
a difference.
Consider an input state,
|Ψin〉 =
J∑
k=−J
ak|J, k〉, (17)
which is symmetric with respect to exchange of two
modes, where ak = a−k and J = N/2 is an even number.
According to Eq. (13), the final state before observable
measurement can be expressed as,
|Ψ(φ)〉f = e−ipi2 JˆxeiχtJˆ2z eipi2 Jˆxe−iφJˆz |Ψin〉,
=
J∑
k=−J
ak
(
e−i
pi
2 JˆxeiχtJˆ
2
z ei
pi
2 Jˆxe−iφJˆz
)
|J, k〉.
(18)
When χt = pi/2, Eq. (18) becomes,
|Ψ(φ)〉f =
J∑
k=−J
ak
(
e−i
pi
2 Jˆxei
pi
2 J
2
z ei
pi
2 Jˆxe−iφJˆz
)
|J, k〉.
(19)
Since ak = a−k,
|Ψ(φ)〉f = a0
(
e−i
pi
2 Jˆxei
pi
2 J
2
z ei
pi
2 Jˆxe−iφJˆz
)
|J, 0〉
+
J∑
k=1
ak
(
e−i
pi
2 Jˆxei
pi
2 J
2
z ei
pi
2 Jˆxe−iφJˆz
)
(|J, k〉+ |J,−k〉) .
(20)
One can prove that (see Appendix B),
e−i
pi
2 Jˆxei
pi
2 J
2
z ei
pi
2 Jˆxe−iφJˆz (|J, k〉+ |J,−k〉)
= [cos(kφ) + sin(kφ)] (i)
(J−k)2 |J, k〉
+ [cos(kφ)− sin(kφ)] (i)(J−k)2 |J,−k〉 (21)
Using Eq. (21), we can get
|Ψ(φ)〉f =
J∑
k=−J
ak
[
cos(kφ) + (−1)J−k sin(kφ)]
(i)(J−k)
2 |J, k〉. (22)
Then, the conditional probability of obtaining measure-
ment result of k can also be obtained,
P (k|φ) = |ak|2
[
cos(kφ) + (−1)J−k sin(kφ)]2
= |ak|2
[
1 + (−1)J−k sin(2kφ)] . (23)
Thus, the CFI can be calculated,
FC(φ) =
∑
k
1
P (k|φ)
(
∂P (k|φ)
∂φ
)2
=
∑
k
4|ak|4k2 cos2(2kφ)
|ak|2[1 + (−1)J−k sin(2kφ)] , (24)
and the corresponding Crame´r-Rao bound is ∆φC =
1/
√
FC(φ). One can easily find that, when φ =
pi/2, FC =
∑
k 4|ak|2k2. For spin cat states, FC =
4
∑J
k=−J k
2|ck(θ)|2 = FQ ≈ 4M2, ∆φC = ∆φQ. This
indicates that, the ultimate precision bound (i.e., QCRB)
can be saturated via the CFI (24). To obtain the CFI,
one need to estimate the full probability distribution of
the final state [22, 23, 26].
In our scheme, one can also saturate the ultimate
precision bound by measuring the expectation of half-
population difference and using the error propagation
formula. The half-population difference of the final state
can be written explicitly,
〈Jˆz〉f = f 〈Ψ(φ)|Jˆz |Ψ(φ)〉f
=
J∑
k=−J
k|ak|2
[
cos(kφ) + (−1)J−k sin(kφ)]2
=
J∑
k=−J
k|ak|2
[
1 + (−1)J−k sin(2kφ)]
=
J∑
k=−J
k|ak|2(−1)J−k sin(2kφ), (25)
6FIG. 3. (Color online) The phase precision obtained with spin cat states via interaction-based readout for the estimated phase
in the vicinity of (a) φ ∼ 0 and (b) φ ∼ pi/2. The standard derivations of the phase ∆φ versus the nonlinear evolution χt for spin
cat states |Ψ(0)〉CAT (blue), |Ψ(pi/8)〉CAT (green), |Ψ(pi/4)〉CAT (cyan) and |Ψ(7pi/20)〉CAT (magenta) are shown. The minimum
phase precision ∆φmin is obtained by optimizing the nonlinear evolution χt. In the insets, ∆φmin and the corresponding optimal
evolution time topt for different MSSCS |Ψ(θ)〉M are given. Here, the total particle number N = 100. (c) The log-log scaling
of the minimum phase precision versus the total particle number for spin cat states |Ψ(0)〉CAT (blue), |Ψ(pi/8)〉CAT (green),
|Ψ(pi/4)〉CAT (cyan) and |Ψ(7pi/20)〉CAT (magenta). The dotted lines with inverted triangles and the dashed lines with squares
correspond to the cases of φ ∼ 0 and φ ∼ pi/2, respectively.
and its derivative with respect to φ reads as,
d〈Jˆz〉f
dφ
=
J∑
k=−J
2k2|ak|2(−1)J−k cos(2kφ). (26)
Correspondingly, the standard deviation of half-
population difference is
(
∆Jˆz
)
f
=
√
f 〈Ψ(φ)|Jˆ2z |Ψ(φ)〉f −
(
f 〈Ψ(φ)|Jˆz |Ψ(φ)〉f
)2
= {
J∑
k=−J
k2|ak|2
[
1 + (−1)J−k sin(2kφ)]
−
[
J∑
k=−J
k|ak|2(−1)J−k sin(2kφ)
]2
}1/2
=
√√√√√ J∑
k=−J
k2|ak|2−
[
J∑
k=−J
k|ak|2(−1)J−k sin(2kφ)
]2
.
(27)
Finally, we can obtain the phase measurement precision
via Eqs. (26) and (27),
∆φ =
√∑J
k=−J k
2|ak|2−
[∑J
k=−J k|ak|2(−1)J−k sin(2kφ)
]2
∣∣∣∑Jk=−J 2k2|ak|2(−1)J−k cos(2kφ)∣∣∣ .
(28)
When φ = 0, sin(2kφ) = 0 and cos(2kφ) = 1, the phase
measurement precision becomes
∆φ|φ=0 =
√∑J
k=−J k
2|ak|2∣∣∣∑Jk=−J 2k2|ak|2(−1)J−k∣∣∣ . (29)
When φ = pi/2, sin(2kφ) = 0 and (−1)J−k cos(2kφ) = 1,
the phase measurement precision can be simplified as
∆φ|φ=pi/2 =
√∑J
k=−J k
2|ak|2∣∣∣∑Jk=−J 2k2|ak|2∣∣∣ . (30)
For a spin cat state (7), according to
Eqs. (8), (10), (12), (29) and (30), we get the phase
measurement precision
∆φ|φ=0 = M∣∣∣∑N/2m=−N/2 2k2|cm(θ)|2(−1)N/2−m∣∣∣ , (31)
7FIG. 4. (Color online) (a) The optimal phase uncertainty under optimal control against detection noise σ with spin cat states
|Ψ(0)〉CAT (blue), |Ψ(pi/8)〉CAT (green), |Ψ(pi/4)〉CAT (cyan) and |Ψ(7pi/20)〉CAT (magenta). The dotted and dashed lines
correspond to the cases of φ ∼ 0 and φ ∼ pi/2, respectively. Here, the total particle number is N = 100. (b) The relative phase
standard deviation ∆φ/∆φQCAT versus σ/(∆Jˆz) for spin cat states |Ψ(θ)〉CAT. Here, ∆φ
Q
CAT ≈ (2M)
−1, ∆Jˆz ≈ M , and the
relative phase standard deviation begins to blow up when σ ≈ 0.5M ≈ N/2C(θ) = c˜D(θ)N .
and
∆φ|φ=pi/2 = M∣∣∣∑N/2m=−N/2 2k2|cm(θ)|2∣∣∣
=
M
2M
2
= C(θ)N−1. (32)
From Eq. (32), it is obvious that the interaction-based
readout with χt = pi/2 attains the ultimate precision
bound ∆QCAT of spin cat states when φ = pi/2. Com-
paring with Eq. (31) and Eq. (32), we find that, for
interaction-based readout with χt = pi/2, ∆φ|φ=0 ≥
∆φ|φ=pi/2 since the factor (−1)N/2−m in Eq. (31) de-
creases the sensitivity d〈Jˆz〉f/dφ when even and odd m
coexist. This also indicates that the interaction-based
readout with χt = pi/2 may not be the optimal choice
for φ = 0 with spin cat states. For φ = 0, it is hard to
analyze analytically, so we can only obtain the optimal
conditions for different spin cat states numerically, which
has been shown in the above subsection B.
V. ROBUSTNESS AGAINST IMPERFECTIONS
Finally, we investigate the robustness of the
interaction-based readout scheme. In realistic experi-
ments, there are many imperfections that limit the final
estimation precision. Here, we discuss two main sources:
the detection noise of the measurement and the dephas-
ing during the nonlinear evolution of the interaction-
based readout.
A. Influences of detection noise
Ideally, the half-population difference measurement
onto the final state can be rewritten as 〈Jˆz〉f =∑N/2
m=−N/2 Pm(φ)m, where Pm(φ) is the measured prob-
ability of the final state projecting onto the basis
|J,m〉. For an inefficient detector with Gaussian detec-
tion noise [21–23], the half-population difference mea-
surement becomes
〈Jˆz〉σf =
N/2∑
m=−N/2
Pm(φ|σ)m, (33)
with
Pm(φ|σ) =
N/2∑
n=−N/2
Ane
−(m−n)2/2σ2Pn(φ), (34)
the conditional probability depending on the detection
noise σ. Here, An is a normalization factor.
In Fig. 4 (a), we plot the optimal standard deviation
∆φ versus the detection noise σ with different input spin
cat states under the conditions of φ ∼ 0 and φ ∼ pi/2.
First, we should mention that, the results via CFI when
φ ∼ 0 and φ ∼ pi/2 are the same as the ones using the
8error propagation formula. The standard deviation ∆φ
stays unchanged when σ ≤ √N and starts to blow up
as σ becomes large enough. It is obvious that, the spin
cat states with smaller θ are more robust against the
detection noise. To analyze more clearly, for φ ∼ pi/2, we
show the relation of ∆φ/∆φQCAT versus σ/(∆Jˆz), where
∆φQCAT ≈ 1/(2M) ≈ C(θ)/N , ∆Jˆz ≈M are the ultimate
precision bound and the standard deviation for a spin cat
state |Ψ(θ)〉CAT, respectively. Interestingly, all the spin
cat states have similar scaling when σ/(∆Jˆz) . 0.5, as
shown in Fig. 4 (b). When σ/(∆Jˆz) > 0.5, the phase
uncertainties start to increase rapidly. The critical point
of the detection noise can be expressed as
σc ≈ 0.5∆Jˆz ≈ 0.5M ≈ N/2C(θ) ≡ c˜D(θ)N. (35)
Thus, the interaction-based readout with spin cat state
is robust against detection noise up to σc ∝ N , which is
agree with the results in Ref. [27]. Compared with the
echo twisting schemes [16, 17], our proposal will be much
more robust against excess detection imperfection when
N is relatively large. In addition, for a spin cat state
|Ψ(θ)〉CAT with smaller θ, c˜D(θ) = 1/2C(θ) is larger.
This explains why |Ψ(θ)〉CAT with smaller θ is more ro-
bust in our scheme.
B. Influences of dephasing during
interaction-based readout
Another imperfection may come from environment ef-
fects during the process of interaction-based readout.
Here, we consider φ ∼ 0 and the interrogation duration
is shorter than the duration of interaction-based readout.
Thus the interaction-based readout may suffer from cor-
related dephasing. The process can be described by a
Lindblad master equation [54],
dρ
dt
= i
[
χJˆ2z , ρ
]
+ γ
(
JˆzρJˆz − 1
2
Jˆ2z ρ−
1
2
ρJˆ2z
)
, (36)
where γ denotes the dephasing rate and ρ is the density
matrix of the evolved state. The initial density matrix is
ρ(0) = |Ψ˜〉〈Ψ˜| with |Ψ˜〉 = Rˆx(pi2 )Uˆ(φ)|Ψ(θ)〉CAT.
In Fig. 5, the effects of dephasing on the estimated
phase precision for spin cat states are shown. First, spin
cat states are robust against the dephasing during the
interaction-based readout. The measurement precision
can be still beyond SQL when γ is large. Second, the
precision of spin cat states with larger θ degrades more
slowly when γ becomes severe since the corresponding op-
timal evolution time is shorter. Therefore, it is more fea-
sible to use spin cat states with modest θ via interaction-
based readout when the estimated phase is near 0.
VI. SUMMARY
In summary, we have investigated the metrological per-
formances of spin cat states and proposed to implement
FIG. 5. (Color online) The phase precision ∆φ versus the
nonlinear evolution χt for spin cat states |Ψ(0)〉CAT (blue),
|Ψ(pi/8)〉CAT (green), |Ψ(pi/4)〉CAT (cyan) and |Ψ(7pi/20)〉CAT
(magenta) under dephasing. Here, we consider the accumu-
lated phase is φ ∼ 0 and after that, the interaction-based
readout process is suffered from dephasing with γ the de-
phasing rate. The dotted, dashed and solid lines denote the
cases of γ = 0, γ = 2χ, and γ = 6χ, respectively. Here, the
total particle number is N = 100.
interaction-based readout to make full use of spin cat
states for quantum phase estimation. We analytically
show that spin cat states have the ability to perform
Heisenberg-limited measurement, whose standard deriva-
tions of the estimated phase are always inversely pro-
portional to the total particle number. We find that
interaction-based readout is one of the optimal methods
for spin cat states to perform Heisenberg-limited mea-
surement. When the estimated phase φ is around 0, the
spin cat states with modest entanglement are beneficial
since their optimal nonlinear evolution of the interaction-
based readout χt is much smaller than pi/2. However,
when the estimated phase φ lies near pi/2, the interaction-
based readout with spin cat states can always saturate
the ultimate precision bound if the nonlinear evolution
can be tuned to χt = pi/2. The detailed derivation of
how the interaction-based readout can saturate the ulti-
mate precision bounds of spin cat states are analytically
given.
Moreover, the interaction-based readout with spin cat
states is robust against detection noise and it does not
require single-particle resolution detectors. Compared
with the twisting echo schemes, our proposal can be
immune against detection noise up to σ ∼ c˜D(θ)N ,
which is much more robust. Besides, the influences
of other imperfect effects such as dephasing during
interaction-based readout are also discussed. Our study
on quantum phase estimation with spin cat states via the
9interaction-based readout may open up a feasible way to
achieve Heisenberg-limited quantum metrology with non-
Gaussian entangled states.
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APPENDIX A: DETERMINATION OF M FOR
SPIN CAT STATES
For a spin cat state, since −M and M can be inter-
preted as the center locations of the two peaks of the
spin coherent states, the value of M can be determined
by the maximum of coefficient cm(θ). Without loss of
generality, we assume M > 0. The difference between
the nearest two coefficients can be calculated as
cm(θ)−cm−1(θ) =
√
(2J)!
(J+m)!(J−m)! cos
J+m
(
θ
2
)
sinJ−m
(
θ
2
)
−
√
(2J)!
(J+m−1)!(J−m+1)! cos
J+m−1
(
θ
2
)
sinJ−m+1
(
θ
2
)
= cm(θ)
[
1−
√
J +m
J −m+ 1 tan
(
θ
2
)]
. (A1)
For m ≤ M , cm(θ)− cm−1(θ) ≥ 0, while for m ≥ M ,
cm(θ)−cm−1(θ) ≤ 0, therefore when m =M , it should be
cm(θ)−cm−1(θ) = 0. Thus,
cM (θ)−cM−1(θ) = cM (θ)

1−
√
J +M
J−M+1 tan
(
θ
2
) = 0,
(A2)
and since the coefficients cm(θ) are all real positive num-
bers, we can deduce that,√
J +M
J −M + 1 tan
(
θ
2
)
= 1. (A3)
Solving Eq. (A3), we can find that,
M = J
(
1− tan2 (θ/2)
1 + tan2 (θ/2)
)
+
1
1 + tan2(θ/2)
. (A4)
Since J ≫ 1 and 1/[1+ tan2 (θ/2)] < 1 can be neglected,
M ≈ J
(
1− tan2 (θ/2)
1 + tan2 (θ/2)
)
. (A5)
APPENDIX B: THE EFFECT OF
INTERACTION-BASED READOUT (χt = pi/2)
Here, we give the proof of Eq. (21) in the main text.
The Dicke basis,
|J,−J〉 ≡
2J∏
l=1
| ↓〉l, (A6)
|J, J〉 ≡
2J∏
l=1
| ↑〉l, (A7)
and
|J, k〉 ≡
J+k∏
l=1
| ↑〉l
2J∏
l=J+k+1
| ↓〉l, (A8)
for −J < k < J . First,
ei
pi
2 Jˆxe−iφJˆz (|J, J〉+ |J,−J〉)
= ei
pi
4 (
∑2J
l=1 σˆ
(l)
x )e−i
φ
2 (
∑2J
l=1 σˆ
(l)
z )
(
2J∏
l=1
| ↓〉l +
2J∏
l=1
| ↑〉l
)
= ei
pi
4 (
∑2J
l=1 σˆ
(l)
x )
(
2J∏
l=1
ei
φ
2 | ↓〉l +
2J∏
l=1
e−i
φ
2 | ↑〉l
)
= eiφJ
2J∏
l=1
(
1√
2
| ↓〉l + i√
2
| ↑〉l
)
+ e−iφJ
2J∏
l=1
(
i√
2
| ↓〉l + 1√
2
| ↑〉l
)
=
J∑
m=−J


√
CJ−m2J
2J
(i)J+meiφJ |J,m〉


+
J∑
m=−J


√
CJ+m2J
2J
(i)J−me−iφJ |J,m〉


=
J∑
m=−J
√
CJ−m2J
2J
[
(i)J+meiφJ + (i)J−me−iφJ
] |J,m〉
(A9)
Here, Cxy =
y!
x!(y−x)! is the binomial coefficient. Then,
ei
pi
2 Jˆ
2
z ei
pi
2 Jˆxe−iφJˆz (|J, J〉+ |J,−J〉)
=
J∑
m=−J
√
CJ−m2J
2J
(i)m
2 [
(i)J+meiφJ + (i)J−me−iφJ
] |J,m〉.
(A10)
Considering the cases of even and odd m respectively, we
surprisingly find that,
(i)m
2 [
(i)J+meiφJ + (i)J−me−iφJ
]
= cos(Jφ)
[
(i)J+m + (i)J−m
]
+ sin(Jφ)
[
(i)J−m − (i)J+m] ,
(A11)
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Substituting Eq. (A11) into Eq. (A10),
ei
pi
2 Jˆ
2
z ei
pi
2 Jˆxe−iφJˆz (|J, J〉+ |J,−J〉)
= [cos(Jφ)−sin(Jφ)]
2J∏
l=1
(
1√
2
| ↓〉l + i√
2
| ↑〉l
)
+ [cos(Jφ)+sin(Jφ)]
2J∏
l=1
(
i√
2
| ↓〉l + 1√
2
| ↑〉l
)
.
(A12)
So, we have
e−i
pi
2 Jˆxei
pi
2 Jˆ
2
z ei
pi
2 Jˆxe−iφJˆz (|J, J〉+ |J,−J〉)
= [cos(Jφ)−sin(Jφ)]
2J∏
l=1
| ↓〉l + [cos(Jφ)+sin(Jφ)]
2J∏
l=1
| ↑〉l
= [cos(Jφ)−sin(Jφ)] |J,−J〉+ [cos(Jφ)+sin(Jφ)] |J, J〉.
(A13)
Next, when −J < k < J , we assume k > 0 without loss
of generality,
ei
pi
2 Jˆxe−iφJˆz (|J, k〉+ |J,−k〉)
= ei
pi
4 (
∑2J
l=1 σˆ
(l)
x )
(
J+k∏
l=1
e−i
φ
2 | ↑〉l
2J∏
l=J+k+1
ei
φ
2 | ↓〉l
)
+ ei
pi
4 (
∑2J
l=1 σˆ
(l)
x )
(
J−k∏
l=1
e−i
φ
2 | ↑〉l
2J∏
l=J−k+1
ei
φ
2 | ↓〉l
)
=
k∑
m=−k
√
Ck−m2k
2k
[
(i)k+meiφk + (i)k−me−iφk
] |J,m〉.
(A14)
Then,
ei
pi
2 Jˆ
2
z ei
pi
2 Jˆxe−iφJˆz (|J, k〉+ |J,−k〉)
=
k∑
m=−k
√
Ck−m2k
2k
(i)m
2 [
(i)k+meiφk + (i)k−me−iφk
] |J,m〉.
(A15)
Similar to Eq. (A11), we have
(i)m
2 [
(i)k+meiφk + (i)k−me−iφk
]
= cos(kφ)
[
(i)k+m + (i)k−m
]
+ sin(kφ)
[
(i)k−m − (i)k+m] ,
(A16)
Substituting Eq. (A16) into Eq. (A15),
ei
pi
2 Jˆ
2
z ei
pi
2 Jˆxe−iφJˆz (|J, k〉+ |J,−k〉)
= [cos(kφ)−sin(kφ)]
2k∏
l=1
(
1√
2
| ↓〉l + i√
2
| ↑〉l
)
2J∏
l=2k+1
(
1√
2
| ↓〉l+ 1√
2
| ↑〉l
)
+
[cos(kφ)+sin(kφ)]
2k∏
l=1
(
i√
2
| ↓〉l + 1√
2
| ↑〉l
)
2J∏
l=2k+1
(
1√
2
| ↓〉l+ 1√
2
| ↑〉l
)
.
(A17)
Finally, we obtain that
e−i
pi
2 Jˆxei
pi
2 Jˆ
2
z ei
pi
2 Jˆxe−iφJˆz (|J, k〉+ |J,−k〉)
= [cos(kφ)−sin(kφ)] (i)(J−k)2 |J,−k〉
+ [cos(kφ)+sin(kφ)] (i)(J−k)
2 |J, k〉.
(A18)
Combining Eq. (A13) and (A18), we can unify as
Eq. (21) in the main text.
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